Chapter 24

The theory of matrices and

determinants

Why it is important to understand: The theory of matrices and determinants

Matrices are used to solve problems in electronics, optics, quantum mechanics, statics, robotics, linear
programming, optimisation, genetics, and much more. Matrix calculus is a mathematical tool used in
connection with linear equations, linear transformations, systems of differential equations, and so on,
and is vital for calculating forces, vectors, tensions, masses, loads and a lot of other factors that must be
accounted for in engineering to ensure safe and resource-efficient structure. Electrical and mechanical
engineers, chemists, biologists and scientists all need knowledge of matrices to solve problems. In computer
graphics, matrices are used to project a three-dimensional image on to a two-dimensional screen, and to
create realistic motion. Matrices are therefore very important in solving engineering problems.

At the end of this chapter, you should be able to:

understand matrix notation

add, subtract and multiply 2 by 2 and 3 by 3 matrices
recognise the unit matrix

calculate the determinant of a 2 by 2 matrix

determine the inverse (or reciprocal) of a 2 by 2 matrix
calculate the determinant of a 3 by 3 matrix

determine the inverse (or reciprocal) of a 3 by 3 matrix

24.1 Matrix notation

Matrices and determinants are mainly used for the solu-
tion of linear simultaneous equations. The theory of
matrices and determinants is dealt with in this chap-
ter and this theory is then used in Chapter 25 to solve
simultaneous equations.

The coefficients of the variables for linear simul-
taneous equations may be shown in matrix form.

The coefficients of x and y in the simultaneous
equations

x+2y=3
4x—5y=6

1 2\, . .
become 4 _5)in matrix notation.

Similarly, the coefficients of p, g and r in the equations
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1.3p—2.09g+r=7
3.7p+48qg—Tr=3
41p+38g+12r=—6

1.3 -2.0 1
become | 3.7 4.8 —7 | in matrix form.
41 38 12
The numbers within a matrix are called an array and
the coefficients forming the array are called the ele-
ments of the matrix. The number of rows in a matrix
is usually specified by m and the number of columns
by n and a matrix referred to as an ‘m by n’ matrix.

Thus, (Z 2 ?) isa ‘2 by 3’ matrix. Matrices cannotbe

expressed as a single numerical value, but they can often
be simplified or combined, and unknown element val-
ues can be determined by comparison methods. Just as
there are rules for addition, subtraction, multiplication
and division of numbers in arithmetic, rules for these
operations can be applied to matrices and the rules of
matrices are such that they obey most of those governing
the algebra of numbers.

24.2 Addition, subtraction and

multiplication of matrices

(i) Addition of matrices

Corresponding elements in two matrices may be added
to form a single matrix.

Problem 1. Add the matrices

(@) (_; _111) and (_g _2)
31 —4 2 7 =5

)4 3 1)and|{—-2 1 0
1 4 -3 6 3 4

(@) Adding the corresponding elements gives:
2 -1 -3 0
(7 73)+(7 )

2+(=3) —1+0
—T+7 4+ (—4)

(5 7)

(b) Adding the corresponding elements gives:

31 —4 27 =5

43 1}+(-21 0

1 4 -3 6 3 4
1+7—4+(—5))

342
(442 3+1 140
1+6 443 —3+4

58 -9
=(2 4 1
77 1

(ii) Subtraction of matrices

If A is a matrix and B is another matrix, then (A — B)
is a single matrix formed by subtracting the elements of
B from the corresponding elements of A.

Problem 2. Subtract

(3 S5

2 7 =5 31 —4
®f—-21 O0)from(|{4 3 1
6 3 4 1 4 -3

To find matrix A minus matrix 5, the elements of B are
taken from the corresponding elements of A. Thus:

@ (_§ _i)—(_g _?1)

Problem 3. If

-3 0 2 —1
A=( 7 _4),B=(_7 4)and



The theory of matrices and determinants 277

cz(_1 _2) find A+ B—C

2
-1 -1
() )
(from Problem 1)

-1 -1 1 0
Hence, A—I-B—C:( 0 0)—(_2 _4)
(-1-1  —1-0
"\ 0-(-2) 0-(-9
(-2 -1
T\ 2 4
Alternatively A+ B—C
-3 0 2 -1 1 0
=( 7 —4)+(—7 4)_(—2 —4)

_(-3+2-1 0+(-1)=0
T\ THED (-2 At a— (-9

= (_g _i) as obtained previously

(iij) Multiplication

When a matrix is multiplied by a number, called scalar
multiplication, a single matrix results in which each
element of the original matrix has been multiplied by
the number.

Problem 4. IfAz(_3 0),

7 —4
1 0
B:( ; _411) and C= find
- —2 —4
2A—-3B+4C

For scalar multiplication, each element is multiplied by
the scalar quantity, hence

-3 0y_(-6 0
2’4:2( 7 —4):(14 —8)
2 -1 6 —3
35=3 (—7 4) B (-21 12)
1 0 4 0
and 4C=4(_2 —4):(—8 —16)

Hence 2A—-3B+4C

(-6 0 6 —3 4 0
“\1a-8) " \21 12) " \8 16
_(—6-6+4 0—(=3)40
14— (21)+ (-8 —8—12+(~16)

(-8 3

- (27 —36)

When a matrix A is multiplied by another matrix B,
a single matrix results in which elements are obtained
from the sum of the products of the corresponding rows
of A and the corresponding columns of 5.

Two matrices A and B may be multiplied together,
provided the number of elements in the rows of matrix
A are equal to the number of elements in the columns of
matrix B. In general terms, when multiplying a matrix
of dimensions (m by n) by a matrix of dimensions (7 by
r), the resulting matrix has dimensions (m by r). Thus

a 2 by 3 matrix multiplied by a 3 by 1 matrix gives a
matrix of dimensions 2 by 1.

Problem 5. If A= (2 3) and B= (_5 7)

1 -4 -34
find Ax B

Ca Cx

C11 is the sum of the products of the first row elements
of A and the first column elements of B taken one at a
time,

fe. Cii=(2x(=5)+@x(=3))=-19

Let A x B=C where C= (CH Clz)

C12 is the sum of the products of the first row elements
of A and the second column elements of B, taken one
at a time,

ie. Ci2=@2x7)+(3x4)=26

(21 is the sum of the products of the second row
elements of A and the first column elements of B, taken
one at a time,

fe. Co=(1x(=5)+(=4x(=3)=7

Finally, Cy; is the sum of the products of the second
row elements of A and the second column elements of
B, taken one at a time,

Le. Cop=(1xT)+((—4) x4)=-9

-19 26)

Thus,AxB:( 7 _9

[N
f
=
—
o
(<P}
v




[N
[
2
—
O
v
v

278 Higher Engineering Mathematics

Problem 6. Simplify

3 4 0 2
-2 6 -3|x 5
7T -4 1 —1

The sum of the products of the elements of each row of
the first matrix and the elements of the second matrix,
(called a column matrix), are taken one at a time.
Thus:

3 4 0 2
-2 6 -3]x 5
7 -4 1 -1

(B3x2) +M@x5 +Ox(-1)
(—2x2)+(6x5) +(=3x(=1))
(7Tx2) +(=4x5+1Ax(=1)

3

3 4 0
Problem 7. IfA=|—-2 6 —3] and

7T -4 1

2 =5
B= 5 —6],find Ax B
-1 -7

The sum of the products of the elements of each
row of the first matrix and the elements of each col-
umn of the second matrix are taken one at a time.
Thus:

3 4 0 2 =5
-2 6 -3]x 5 —6
7 -4 1 -1 -7

[(3x2) [ x (=5))
+(4x5) +(4 x (—6))
+ (0 x (=1))] +(0x (=7))]
[(=2x2) [(=2 x (=9))
=] +(6x5) +(6 x (—6))
+(3x (=) +H(=3x (=T)]
(7 x 2) [(7 x (=3))
+(—4x5) +(—4 x (—6))
+ (1 x (=1))] +(1 x (=7))]
26 -39
=|29 =5
-7 —18)

Problem 8. Determine

1 03 220
21 2]x(|1 3 2
1 31 320

The sum of the products of the elements of each row of
the first matrix and the elements of each column of the
second matrix are taken one at a time. Thus:

103 220
21 2)x(|13 2
1 31 320

[(1x2) [(1x2) [(1x0)
+0x1) +0Ox3) +(0Ox2)
+Bx3)] +@Bx2)] +@x0)]
[(2x2) [(2x2) [(2 x 0)

=| +(1x1) +(Ax3) +(1Ax2)
+2x3)] +2x2)] +@2x0)]
[(1x2) [(1x2) [(1x0)
+@Bx1) +@Bx3) +@Bx2
+(1x3)] +(1x2)] +(1x0)]
1 8 0

=|11 11 2
8 13 6

In algebra, the commutative law of multiplication states
that a x b= b x a. For matrices, this law is only true in
a few special cases, and in general A x B is not equal
to Bx A

10

B= ((2) ?) show that Ax B#£ Bx A

23 2 3
AxB:(1 O)X(O 1)
(I2x2)+@Bx0)] [(2x3)+@x1)]
T\UAx2)+0x0)] [(I1x3H+((0Ox1)]

(49
=\2 3
2 3 2 3
BXA:(O 1)X(1 0)
(12 x2)+Bx1)] [2x3)+(3x0)]
O x2)+ (1 x )] [(0x3)+ (1 x0)]

-(19)

Problem 9. If A= (2 3) and
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Since (g g) # (Z 8), then Ax B#Bx A

Now try the following Practice Exercise

Practice Exercise 105 Addition,
subtraction and multiplication of matrices
(Answers on page 846)

In Problems 1 to 13, the matrices A to K are:
3 —1 5 2
a=(77) =(140)
-13 7.4
C=( 2.5 —3.9)

4 -7 6
D=|-2 4 0

5 7 —4
3 6 2
E=| 5 =37
-1 0 2

3.1 24 64 6
F=|-16 38 —-19 G=( 2)
53 3.4 —48 -

) 4 10
n=(72) J= (-11) K=<o 1)
7 10
In Problems 1 to 12, perform the matrix operation
stated.
1. A+B
D+ E
A-B
A+B-C
5A+68
2D+3E—-4AF
Ax H
Ax B
Ax C
Dx J
Ex K

©OF o X ol on B o DD

—_ =
[ (=)

12. Dx F
13. Showthat Ax C# Cx A

24.3 The unit matrix

A unit matrix, I, is one in which all elements of the
leading diagonal (\) have a value of 1 and all other ele-
ments have a value of 0. Multiplication of a matrix by
[ is the equivalent of multiplying by 1 in arithmetic.

24.4 The determinant of a2 by 2
matrix

..I

The determinant of a 2 by 2 matrix (i d) is defined

as (ad— bo)
The elements of the determinant of a matrix are

written between vertical lines. Thus, the determinant

3

—4
of ) is written as and is equal to

—4
1 6 1 6
(B3 x6)—(—4x1), ie. 18— (—4) or 22. Hence the
determinant of a matrix can be expressed as a single

3 4,

numerical value, i.e. 1 6

Problem 10. Determine the value of
3 -2
7 4
3 =2

’7 4‘_(3><4)—(—2><7)

=12—(-14)=26

Problem 11. Evaluate

a+ i2
A (1—%1)‘

= asna=m =23
=1— jh+ j— j*4+ j°6
=1 jd+j—(—4)+(-6)

since from Chapter 22, ;%= —1
=1—j4+j+4-6
=-1-j3
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5/30° 2/—-60°

Problem 12. Evaluate 3/60° 4/—90°

‘5430 2£=60°1 _ 5 /307y (4/—90°)

3/60° 4£-90°

— (2£-60°)(3£60°)
= (20£-60°) — (620"
= (10 — j17.32) — (6 + j0)
— (4—717.32) or 17.78/—T7°

Now try the following Practice Exercise

Practice Exercise 106
(Answers on page 846)

2 by 2 determinants
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1. Calculate the determinant of (_Z’ _;)

2. Calculate the determinant of

-2 5
3 —6
3. Calculate the determinant of

-13 74
2.5 =39

4. Evaluate JZ, _{3‘
A+
2/40°  5/-20°

5. Evaluate
T1/-32° 4/—117°

6. Given matrix A=

(x—2) 6
2 x=3) )
determine values of x for which | A| =0

24.5 Theinverse or reciprocal of a
2 by 2 matrix

The inverse of matrix A is A~! such that Ax A=1=1,
the unit matrix.

Let matrix A be

a b
be (c d)

Then, since Ax A~ 1=1,

(¢ D=9

é Z) and let the inverse matrix, A~}

Multiplying the matrices on the left-hand side, gives
a+2c b+2d)y_ (1 0
3a+4c 3b+4d) \0 1
Equating corresponding elements gives:
b+2d=0,ie b=—-2d

4
and 3a+4c=0,ie. a= —§c

Substituting for a and b gives:

4
—§C+2C —2d+2d

10
4 =(0 1)
3(—50)4—40 3(—2d)+4d

2
. 3¢ 0 10
()
0 -2d

2 3 1
showing that 36= l,ie.c= 7 and —2d=1,ie.d= —5

Since b=—2d, b=1 and since a=——c, a=—2

Thus the inverse of matrix (:13 i) is (a b) that is,

c d
-2 1
3 1
2 2
There is, however, a quicker method of obtaining the
inverse of a 2 by 2 matrix.
For any matrix (rp (5]) the inverse may be
obtained by:
() interchanging the positions of p and s,
(ii) changing the signs of g and r, and
(iif) multiplying this new matrix by the reciprocal of

the determinant of (p q
r s

Thus the inverse of matrix (:1,) Z) is

S0

as obtained previously.

N w

Problem 13. Determine the inverse of

¢
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The inverse of matrix (f Z) is obtained by inter-

changing the positions of p and s, changing the signs
of g and r and multiplying by the reciprocal of the

determinant f g . Thus, the inverse of

3 -2\ 1 ( 4 2)
(7 4)_(3><4)—(—2><7) -7 3

2 1
_i(42)_ﬁﬁ
—26\-7 3/ | -7 3

26 26

Now try the following Practice Exercise

Practice Exercise 107 The inverse of 2 by 2
matrices (Answers on page 846)

1. Determine the inverse of (_i _;)

2. Determine the inverse of

W] = DN —
o1l W Wl DN

‘ . -13 74
3. Determine the inverse of ( 25 _3.9)

24.6 The determinantofa3 by3

matrix

() The minor of an element of a 3 by 3 matrix is
the value of the 2 by 2 determinant obtained by
covering up the row and column containing that

element.
1 23
Thus for the matrix {4 5 6| the minor of
789
element 4 is obtained by covering the row
1
(4 5 6) and the column | 4 |, leaving the 2 by
7

2
2 determinant ‘ i.e. the minor of element 4

8 9
is(2x9)—(3x8)=—6

(ii) The sign of a minor depends on its position within

+ - +
the matrix, the sign pattern being { — + —
+ - +
Thus the signed-minor of element 4 in the matrix
1 23 5 3
4 56 is—‘8 9 =—(—6)=6
789

The signed-minor of an element is called the
cofactor of the element.

(iii) The value of a 3 by 3 determinant is the
sum of the products of the elements and their
cofactors of any row or any column of the
corresponding 3 by 3 matrix.

There are thus six different ways of evaluating a 3 x 3
determinant — and all should give the same value.

Problem 14. Find the value of

3 4 -1
2 0 7
1 -3 -2

The value of this determinant is the sum of the products
of the elements and their cofactors, of any row or of any
column. If the second row or second column is selected,
the element 0 will make the product of the element and
its cofactor zero and reduce the amount of arithmetic to
be done to a minimum.

Supposing a second row expansion is selected. The
minor of 2 is the value of the determinant remain-
ing when the row and column containing the 2 (i.e.
the second row and the first column), is covered up.
4 —1|,
_3 _p|le —11
The sign of element 2 is minus (see (ii) above), hence
the cofactor of element 2, (the signed-minor) is +11

Thus the cofactor of element 2 is

Similarly the minor of element 7 is ’? _é‘ ie. —13,

and its cofactor is +13. Hence the value of the sum
of the products of the elements and their cofactors is
2x114+7x13,1ie.,

3 4 -1
2 0 7/=2(11)+0+7(13)=113
1 -3 -2

The same result will be obtained whichever row or
column is selected. For example, the third column
expansion is

[N
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(=1 2 0 _7 3 4 +(=2) 34 Now try the following Practice Exercise
1 -3 1 -3 20
=6+91 + 16 = 113, as obtained previously. Practice Exercise 108 3 by 3 determinants
(Answers on page 847)
1 4 -3
Problem 15. Evaluate |—5 2 6 1. Find the matrix of minors of
-1 -4 2
4 -7 6
14 -3 <
Using the firstrow: |[-5 2 6
-1 -4 2 2. Find the matrix of cofactors of
_ 2 6 -5 6 -5 2 4 7 6
- el (£
= (44 24) — 4(—1046) —3(20+2) o T 4
o — 28416 —66=—22 3. Calculate the determinant of
=
= 1 4 -3 4 -7 6
Using the second column: |-5 2 6 -2 4 0
= -1 -4 2 5 7 —4
-5 6 1 -3 1 -3 8 -2 -10
:_4’_1 2‘+2‘_1 2’_(_4)‘_5 6‘ 4. Evaluate |2 -3 -2
6 3 8

=—4(-104+6)+2(2—-3)+4(6—-15)
=16—-2-36=-22

5. Calculate the determinant of

3.1 24 64
Problem 16. Determine the value of (—1.6 3.8 —1.9)
2 (1+/) 3 53 3.4 —-438
1-5 1 J2 2 J
0 j4 5 6. Evaluate [(1+,) 1 -3
5 —j4 0
Using the first column, the value of the determinant is: 3/60° 2 1
U2 1 a) (1+j) 3 7. Evaluate| 0  (1+) 24.30O
T s Plja s 0 S
8. Find the eigenvalues 4 that satisfy the follow-
8 y
+(0) I+, 3 ing equations:
1 .
2-2 2 |
= 25— j24)— (1= )G+ j5— j12)+0 (@) ‘ 1 G-n7"
=j209) =1 = )HG—-j7) G-2) 71 —5
. o G 0 @-4H) -1 |=0
= j18 — [5— jT— j5+ j*7] 2 8 (-3-2)

=Jj18—[-2~j12] (You may need to refer to Chapter 1, pages

— /184 2+ j12 = 2+30 or 30.07/86.19° 10-14, for the solution of cubic equations).
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24.7 Theinverse or reciprocal of a
3 by 3 matrix

The adjoint of a matrix A is obtained by:
() forming a matrix B of the cofactors of A, and

(i) transposing matrix Bto give B7, where B is the
matrix obtained by writing the rows of B as the
columns of BT. Then adj A= BT

The inverse of matrix A, A~! is given by
adj A
Al=""0
|Al
where adj A is the adjoint of matrix A and | 4| is the

determinant of matrix A.

Problem 17. Determine the inverse of the matrix

3 4 -1

2 0 7

1 -3 -2
adj A

The inverse of matrix 4, A~! = AT
The adjoint of A is found by:

() obtaining the matrix of the cofactors of the ele-
ments, and

(ii) transposing this matrix.

0 7

0 1l

The cofactor of element 3 is + ‘_

The cofactor of element 4 is — ﬁ _;‘ =11, and so on.

21 11 —6
The matrix of cofactorsis | 11 =5 13
28 —-23 -8

The transpose of the matrix of cofactors, i.e. the adjoint
of the matrix, is obtained by writing the rows as columns,

21 11 28
andis | 11 -5 -23
-6 13 -8

3 4 -1

From Problem 14, the determinant of {2 0 7
1 -3 =2
is 113

3 4 -1
Hence theinverseof {2 0 7] is
1 -3 -2

or— [ 11 =5 =23
113 113 6 13 -8

21 11 28
11 -5 —23
6 13 s . (21 11 zs)

Problem 18. Find the inverse of

1 5 -2
3 -1 4
-3 6 -7
adjoint
Inverse = ———
determinant
—17 9 15
The matrix of cofactors is 23 —13 =21
18 —10 -16

The transpose of the matrix of cofactors (i.e. the

—-17 23 18
adjoint) is 9 —-13 -10

15 —-21 -16
1 5 =2
The determinant of( 3 -1 4)
-3 6 -7

= 1(7—24) — 5(—21 +12) — 2(18 — 3)
= —17+45-30=-2

1 5 =2
Hence the inverse of 3 -1 4

-3 6 -7

-17 23 18
9 —13 -10
15 -21 -16

-2

85 —-115 -9
=[-4.5 65 5
-75 105 8

Now try the following Practice Exercise

Practice Exercise 109 Theinverse of a 3 by
3 matrix (Answers on page 847)

1. Write down the transpose of

4 -7 6
-2 4 0
5 7 —4
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2. Write down the transpose of 5. Find the inverse of
3 61 4 -7 6
2
5 —3 7 -2 4 0
-1 0 2 5 7 —4
3. Determine the adjoint of 1
3 6 5
4 -7 6 6. Find the inverseof | 5 —% 7
-2 4 0 -1 0 %
5 7 —4
4. Determine the adjoint of
1
3 6 5
5 -2 7
3
Ll -1 03
=
2
—
O
<y}
(%2
°VN“A/I/,O For fully worked solutions to each of the problems in Practice Exercises 105 to 109 in this chapter,
o 2 go to the website:
www.routledge.com/cw/bird

11’55 s \“o



Chapter 25

Applications of matrices
and determinants

Why it is important to understand: Applications of matrices and determinants

As mentioned previously, matrices are used to solve problems, for example, in electrical circuits, optics,
quantum mechanics, statics, robotics, genetics, and much more, and for calculating forces, vectors,
tensions, masses, loads and a lot of other factors that must be accounted for in engineering. In the
main, matrices and determinants are used to solve a system of simultaneous linear equations. The
simultaneous solution of multiple equations finds its way into many common engineering problems.
In fact, modern structural engineering analysis techniques are all about solving systems of equations
simultaneously. Eigenvalues and eigenvectors, which are based on matrix theory, are very important
in engineering and science. For example, car designers analyse eigenvalues in order to damp out the
noise in a car, eigenvalue analysis is used in the design of car stereo systems, eigenvalues can be used
to test for cracks and deformities in a solid, and oil companies use eigenvalues analysis to explore land
for oil.

At the end of this chapter, you should be able to:

solve simultaneous equations in two and three unknowns using matrices
solve simultaneous equations in two and three unknowns using determinants
solve simultaneous equations using Cramer’s rule

solve simultaneous equations using Gaussian elimination

determine the eigenvalues of a 2 by 2 and 3 by 3 matrix

determine the eigenvectors of a 2 by 2 and 3 by 3 matrix

Higher Engineering Mathematics. 978-0-415-66282-6, © 2014 John Bird. Published by Taylor & Francis. All rights reserved.
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25.1 Solution of simultaneous

(a)

equations by matrices

The procedure for solving linear simultaneous
equations in two unknowns using matrices is:
(i) write the equations in the form

aix+biy=c
apx+hy=c

(i) write the matrix equation corresponding to
these equations,

e (5 5)<()=(2)

(iii) determine the inverse matrix of ar b
a b
. 1 ( be —bl)
ie. ——
aiby — biay \—az al
(from Chapter 24)
(iv) multiply each side of (ii) by the inverse
matrix, and
v) solve for x an equating correspondin
(v) solvef d y by equating ponding
elements.
Problem 1. Use matrices to solve the
simultaneous equations:
3x+5y—7=0 (1)
4x—3y—19=0 2)

@

(i)

Writing the equations in the ajx + b1 y = ¢ form
gives:
3x+5y="T

4x—-3y=19
The matrix equation is

(?1 _2) : (;) N (1;)

The inverse of matrix (2 _:SJ,) is

1 (—3 —5)
3x(—3)—5x4\—4 3

3 5
. [29 29
1.e. 4 _3
29 29

Multiplying each side of (ii) by (iii) and remem-
bering that Ax A~!=1, the unit matrix, gives:

3 5
1 0\ (x 29 29 7
(0 )C)=17 5] (o)
29 29
2 9%
X 29 29
Thus (y): 28 57
29 29

- 0)-()

By comparing corresponding elements:
x=4 and y=-1
Checking:
equation (1),
3x44+5x(=1)—=7=0=RHS
equation (2),

4x4-3x(-1)-19=0=RHS

(b)

The procedure for solving linear simultaneous
equations in three unknowns using matrices is:
() write the equations in the form
aix+bry+cz=d
px+hytoz=d
ax+byy+caz=d;

(i) write the matrix equation corresponding to
these equations, i.e.

a b a e d
a b ao|lx|lyl=|a
az by a3 z d3

(iii) determine the inverse matrix of

a b
a b o

a3 b3 o

(see Chapter 24)

(iv) multiply each side of (ii) by the inverse
matrix, and

(v) solve for x, y and z by equating the corre-
sponding elements.
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Problem 2. Use matrices to solve the
simultaneous equations:

@

(iii)

x+y+z—4=0 (1)
2x—3y+42z—-33=0 (2
3x—2y—22z—2=0 ©)

Writing the equations inthe aix+ b1y + c1z=di
form gives:
x+y+z=4
2x—3y+4z=33
3x—2y—2z=2

The matrix equation is

(2906

The inverse matrix of

1 1 1
A=12 -3 4
3 =2 =2

is given by
1 adj A

1A

The adjoint of A is the transpose of the matrix of
the cofactors of the elements (see Chapter 24). The
matrix of cofactors is

14 16 5
0-5 5
7-2-5

and the transpose of this matrix gives

14 0 7
adj A= (16 —5 —2
5 5 —5

The determinant of 4, i.e. the sum of the products
of elements and their cofactors, using a first row
expansion is

-3 4 2 4 2 -3
% - 2l

= (1 x 14)— (1 x (—=16)) + (1 x 5) = 35

Hence the inverse of A,

L1 0T
Al=—_(16 -5 -2
Bd\s 5 5

(iv) Multiplying each side of (ii) by (iii), and remem-
bering that A x A~!= I, the unit matrix, gives

00 X\ /1 0 7 4
10)x{y)l===( 16 -5 -2 | x| 33
01 2] 3B\ 5 5 _5 2

1
0
0
¥\ [(4x4)+(0x33)+(7x2)
(y):—((16x4)+((—5)><33)+((—2)x2))
z (5 x 4) + (5 x 33) + ((=5) x 2)

(v) By comparing corresponding elements, x=2,
y=-3, z=5, which can be checked in the
original equations.

Now try the following Practice Exercise

Practice Exercise 110 Solving simultaneous
equations using matrices (Answers on
page 847)

In Problems 1 to 5 use matrices to solve the
simultaneous equations given.

1. 3x+4y=0
2x+5y+7=0

2. 2p+5g+14.6=0
3.1p+1.7g+2.06=0

3. x+2y+3z=5
2x—3y—2z=3
—3x+4y+5z=3

4. 3a+4b—3c=2
—2a+2b+2c=15
Ta—5b+4c=26

5. p+2¢q+3r+78=0
2p+5q—r—14=0
S5p—q+7r—3.5=0
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6. Intwo closed loops of an electrical circuit, the
currents flowing are given by the simultaneous
equations:

L+2L+4=0
5H+3HL—-1=0
Use matrices to solve for /; and

7. The relationship between the displacement s,
velocity o, and acceleration a, of a piston is
given by the equations:
s+2v+2a=4
3s—ov+4a=25
3s+2v—a=-4
Use matrices to determine the values of s, v
and a

8. In a mechanical system, acceleration X,
velocity x and distance x are related by the
simultaneous equations:
3.4%x+7.0x—13.2x=—11.39
—6.0x+4.0x +3.5x = 4.98
2.7%+6.0x+7.1x=15.91

Use matrices to find the values of X, x and x

25.2 Solution of simultaneous

equations by determinants

(@) When solving linear simultaneous equations in
two unknowns using determinants:

(i) write the equations in the form
aix+by+ca=0
ax+bhy+ca=0

and then

(ii) the solution is given by

X _—y_l
DX_D),_D
b1
where Dy =
by o

i.e. the determinant of the coefficients left
when the x-column is covered up,

ar
D, =

a

i.e. the determinant of the coefficients left
when the y-column is covered up,

ar b
a b

i.e. the determinant of the coefficients left
when the constants-column is covered up.

and D=

Problem 3. Solve the following simultaneous
equations using determinants:

Ix—4y=12
Tx+5y=6.5

Following the above procedure:

(i) 3x—4y—12=0

Tx+5y—65=0
— 1
(i) SR ——" A
—4 —12 3 —-12 3 —4
5 —6.5 7 —6.5 7 5
. X
ie.
(=4)(=6.5) — (=12)(5)
_ -y
(3)(=6.5) — (=12)(7)
_ 1
3)G) = (=H(M
ie = = ) _ !
26460 —195+84  15+28
- x_—vy_1
he 8 645 43
) X 86
Since ®-13 then X—E—Z
and since
—y 64.5

1
64.5=Bthen y:—ﬂ =-1.5

Problem 4. The velocity of a car, accelerating at
uniform acceleration a between two points, is given
by v = u+ at, where u is its velocity when passing
the first point and ¢ is the time taken to pass
between the two points. If v =21 m/s when t=3.5s
and v =33 m/s when t=6.1s, use determinants to
find the values of u and a, each correct to 4
significant figures.
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Substituting the given values in v = u+ at gives:

21=u+35a (1)
33=u+6.1a 2)

() The equations are written in the form

aix+biy+c =0
ie. u+35a—-21=0
and u+6.1a—33=0

(ii) The solution is given by

u _—a_l

D, D, D

where D, is the determinant of coefficients left
when the z column is covered up,

3.5 =21
ie. D,=
6.1 —33
=(3.5)(=33) — (—21)(6.1)
=12.6
. |1 =21
Similarly, D,= ‘1 _33‘
=(1)(=33) — (=21)(1)
=-12
1 35
and Dz‘1 6.1‘
=(1)(6.1) — (3.5)(1) = 2.6
u —a 1
ThUS m:_—lz = %
. 12.6
ie. 11_2—.6 =4.846m/s
12 2
and 3_2_.6 =4.615m/s“,

each correct to 4 significant

figures.

Problem 5. Applying Kirchhoff’s laws to an
electric circuit results in the following equations:

O+ j12)[; — 6+ j8) b =5
—(6+/8) i+ B+ j3) b = (2+ j4)

Solve the equations for /1 and L

Following the procedure:
(i) O+/j12)1—(6+,8)2—5=0
—(64+/8) 1+ @8+ ,3) -2+ j4)=0

.. h
(ii) -
—(6+,8 -5
8+ 3) —(2+j4)‘
— _[2
19+ 12) -5
—(6+/8) —(2+ jb)

1
“ 1O+ j12) —(6+/8)
—6+,8) B+ /3

I
(—20 + /40) + (40+ /15)

—b
" (30— 60) — (30 + j40)
B 1
T (36 + j123) — (=28 + j96)
L  —-h 1
20+ j55  —j100 64+ j27
20 + j55
64+ j27
_ 58.52./70.02°
T 69.46./22.87°

100£90°
69.46/22.87°

=1.44/67.13°A

Hence I} =

=0.84/47.15°A

and I, =

(b) When solving simultaneous equations in three
unknowns using determinants:
(i) Write the equations in the form

ax+by+cz+di=0
ax+by+oztd=0
Bx+hy+az+dz=0
and then
(ii) the solution is given by

X -y z -1
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b a d
where Dy is |b ¢ dy

by 3 ds
i.e. the determinant of the coefficients
obtained by covering up the x column.

a ¢ d
D), isla o d
as c3 d3

i.e., the determinant of the coefficients
obtained by covering up the y column.

a b d
D,is |ay b dy
a by &

i.e. the determinant of the coefficients
obtained by covering up the z column.

a b ¢
and Dis |a, b ©
a b3 o3

[N
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i.e. the determinant of the coefficients
obtained by covering up the constants
column.

Problem 6. A d.c. circuit comprises three closed
loops. Applying Kirchhoff’s laws to the closed
loops gives the following equations for current flow
in milliamperes:

2h+36hL —45 =26
L —5h—35=-87
—Th+2L+65K=12
Use determinants to solve for /1, > and 5
(i) Writing the equations in the
ajx+ b1 y+ c1z+ d; =0 form gives:
201+3hL—45K-26=0
L —55L—-35+87=0
—Th+2hL+65—-12=0
(ii) the solution is given by

h b K -1

Di-D, Di- D

where Dj is the determinant of coefficients
obtained by covering up the /i column, i.e.

3 —4 —26
D,=|-5 -3 87
2 6 —12

3 87 5 87
2(3)‘ 6 —12‘_(_4)‘ 2 —12‘
5 -3
+(—26)’ ; 6’

3(—486) + 4(—114) — 26(—24)

= —1290
2 —4 —26
Dp=| 1 -3 81
7 6 —12

(2)(36 — 522) — (—4)(—12 + 609)
+ (—26)(6 — 21)

= —972 + 2388 + 390
= 1806
2 3 26
Drp=| 1 -5 87
7 2 -12

(2)(60 — 174) — (3)(—12 + 609)
+ (—26)(2 — 35)
= —228—1791 + 858 = —1161

2 3 —4
and D= 1 -5 -3
-7 2 6
=(2)(-30+6)—(3)(6 —21)
+ (—4)(2-35)
=—48+45+132=129
Thus
I _ b _ I _ -1
—1290 1806 —1161 129
giving
—1290
I] = m = lOmA,
1806
1161
and I3 = T29 = 9mA
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Now try the following Practice Exercise

Practice Exercise 111  Solving
simultaneous equations using determinants
(Answers on page 847)

In Problems 1 to 5 use determinants to solve the
simultaneous equations given.

1.

3x—5y=-17.6
Ty—2x—22=0
2.3m—4.4n=6.84
8.9n1—6.Tm=1.23
3x+4y+2=10
2x—3y+52z+9=0
x+2y—z=6
1.2p—23¢g—3.1r+10.1=0
47p+3.8¢g—53r—21.5=0
3.7p—83q+7.4r+281=0

In a system of forces, the relationship between
two forces F and £ is given by:

SF+3FK+6=0
3F+5FK+18=0
Use determinants to solve for /] and
Applying mesh-current analysis to an a.c.
circuit results in the following equations:
b—-j4h —(—j4) L =100£0°
4+ 3=jHL—(—j4HhL=0
Solve the equations for /; and
Kirchhoff’s laws are used to determine the
current equations in an electrical network and
show that
i1 +8ip +3i3 =31
3i1 —2ip+i3=—5
201 —3ip +2i3=06
Use determinants to find the values of i1, i2
and i3

9. The forces in three members of a framework
are Fi, F2 and F3. They are related by the
simultaneous equations shown below.

14F +28F+28F =56

42 —14F +56F=35.0

42F +28FKH —14F=-56
Find the values of Fi, F, and F3 using
determinants.

10. Mesh-current analysis produces the following
three equations:
20£0°=(5+3—-jHhL—-CB—jbL
10£90° =@ — j4+2)Lb -3 — j4) 1 - 254
—1520°—-10£90°=(12+2)3 - 21,

Solve the equations for the loop currents /1, b
and L

25.3 Solution of simultaneous

equations using Cramer’s rule

Cramer’s™ rule states that if
anx—+any+azz= b
a1 X+ apy+ a3z=b
az1x +asy+ aszz= by

* Who was Cramer? Gabriel Cramer (31 July 17044 Jan-
uary 1752) was a Swiss mathematician. His articles cover a
wide range of subjects including the study of geometric prob-
lems, the history of mathematics, philosophy, and the date of
Easter. Cramer’s most famous book is a work which Cramer
modelled on Newton’s memoir on cubic curves. To find out

more go to www.routledge.com/cw/bird
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ail a2 a3
where D apl az azs
ag] asy ass

by aiz a3
Dy=| b ax ax3
by a3y as3

i.e. the x-column has been replaced by the RHS b col-
umn,

aj; by ais
Dy=|an b ax
as1 by as3

i.e. the y-column has been replaced by the RHS

b column,
a1 ap b
D,=| ay an b
az; asy b

i.e. the z-column has been replaced by the RHS

b column.

Problem 7. Solve the following simultaneous
equations using Cramer’s rule.

x+y+z=4
2x—3y+4z=33
3x—2y—2z=2

(This is the same as Problem 2 and a comparison of
methods may be made). Following the above method:

1 1 1
2 -3 4
3 -2 -2

D=

=1(6 —(-8)) — 1((—4) — 12)
+1((—4) — (-9)) =14+ 16 +5=135

41 1
D,—|3 -3 4

2 =2 =2

=4(6— (—8)) — 1((—66) — 8)

+ 1((—66) — (—6)) = 56 -+ 74 — 60 = 70

1 4 1
D=2 33 4
3 2 =2
=1((—66) —8) —4((—4) —12) + 1(4 —99)
=-744+64—95=-105
1 1 4
D,=|2 -3 33
3 =2 2
=1((—6) — (—66)) — 1(4 —99)
+4((-4)—(—9)) =60+95+20=175
Hence
D, 170 D, -105
X=pTgp=hY=p T35 — 73
LD 115

Now try the following Practice Exercise

Practice Exercise 112 Solving simultaneous
equations using Cramer’s rule (Answers on
page 847)

1. Repeat problems 3, 4, 5, 7 and 8 of Exercise
110 on page 287, using Cramer’s rule.

2. Repeat problems 3, 4, 8 and 9 of Exercise 111
on page 291, using Cramer’s rule.

25.4 Solution of simultaneous

equations using the Gaussian
elimination method

Consider the following simultaneous equations:

x+y+z=4 1)
2x—3y+4z=233 )
3x—2y—2z=2 ©)

Leaving equation (1) as it is gives:

x+y+z=4 (1)
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Equation (2) — 2 x equation (1) gives:
0—5y+2z=25 (2)

and equation (3) — 3 x equation (1) gives:
0—-5y—52z=-10 (3)

Leaving equations (1) and (2) as they are gives:

x+y+z=4 1
0—5y+2z=25 2)

Equation (3') — equation (2') gives:
0+0—-7z=-35 (3"

By appropriately manipulating the three original equa-
tions we have deliberately obtained zeros in the posi-
tions shown in equations (2') and (3”).

Working backwards, from equation (3”),

=—=3
-7

z

from equation (2),
—5y+2(5) = 25,

from which,

_25-10
===

-3
and from equation (1),

x+(-3)+5=4
from which,

x=4+3-5=2

(This is the same example as Problems 2 and 7,
and a comparison of methods can be made). The

above method is known as the Gaussian™ elimination
method.

We conclude from the above example that if
aix+apy+apz=b
a1x+apy+asz="b
aB1x+ az2y+azz= D3

The three-step procedure to solve simultaneous equa-

tions in three unknowns using the Gaussian elimina-
tion method is:

(i) Equation (2) — z—i x equation (1) to form equa-
tion (2') and equation (3) — By equation (1) to
form equation (3’). !

(i) Equation (3') — 2 equation (2) to form equa-
tion (3). i

(iii) Determine z from equation (3”), then y from
equation (2') and finally, x from equation (1).

* Who was Gauss? Johann Carl Friedrich Gauss (30 April
1777-23 February 1855) was a German mathematician and
physical scientist who contributed significantly to many fields,
including number theory, statistics, electrostatics, astronomy
and optics. To find out more go to www.routledge.com/cw/bird
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Problem 8. A d.c. circuit comprises three closed
loops. Applying Kirchhoff’s laws to the closed
loops gives the following equations for current flow
in milliamperes:

2hH+3L—41L=26 (1)
L —5hL—-3K=-87 (2)
—ThH+25L+65=12 (3)

Use the Gaussian elimination method to solve for
I, band L

(This is the same example as Problem 6 on page 290,
and a comparison of methods may be made)

Following the above procedure:

L.

2L +3L—4L =26 1)
Equation (2) — 7 X equation (1) gives:
0—6.5h— I =—100 @)

-7
Equation (3) — - % equation (1) gives:

0+1255 -85 =103 3)
25 +3h— 4k =26 1)
0—65h— 5 =—100 @)
Equation (3') — 6. 5 X equation (2') gives:
0+0—-9.9235 =-89.308 3"
From equation (3”),
—89.308
I3=——=9mA

3= oz O™
from equation (2"), —6.5 5 —9=-100,
from which, I = $ =14mA

and from equation (1), 271 +3(14) —4(9) =26,

26 —42 2
from which, I = w = 70

=10mA

1. Inamass—spring—damper system, the accel-
eration %m/s?, velocity xm/s and displace-
ment xm are related by the following simul-
taneous equations:

Now try the following Practice Exercise

Practice Exercise 113 Solving simultaneous
equations using Gaussian elimination
(Answers on page 847)

6.2x+7.9x4+12.6x=18.0
7.5x4+4.8x+4.8x=6.39
13.0x+3.5%x — 13.0x = —17.4

By using Gaussian elimination, determine the
acceleration, velocity and displacement for the
system, correct to 2 decimal places.

2. Thetensions, 71, T; and 73 in a simple frame-
work are given by the equations:

SHh+5T+5T13=1.0
h+2L+AT3=24
4N +20 =4.0

Determine 73, 7 and 73 using Gaussian elim-
ination.

3. Repeat problems 3, 4, 5, 7 and 8 of Exer-
cise 110 on page 287, using the Gaussian
elimination method.

4. Repeat problems 3, 4, 8 and 9 of Exercise 111
on page 291, using the Gaussian elimination
method.

25.5 Eigenvalues and eigenvectors

In practical applications, such as coupled oscillations
and vibrations, equations of the form:

Ax=Ax

occur, where A is a square matrix and / (Greek lambda)
is a number. Whenever x # 0, the values of 1 are
called the eigenvalues of the matrix A; the correspond-
ing solutions of the equation Ax = A x are called the
eigenvectors of A.

Sometimes, instead of the term eigenvalues, character-
istic values or latent roots are used. Also, instead of
the term eigenvectors, characteristic vectors is used.
From above, if Ax = Ax then Ax —Ax=0 i.e.
(A — A1) = 0 where [ is the unit matrix.

If x#0then | A—AI =0
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|A — Al| is called the characteristic determinant of A
and |A — AI| = 0 is called the characteristic equation.
Solving the characteristic equation will give the value(s)
of the eigenvalues, as demonstrated in the following
worked problems.

Problem 9. Determine the eigenvalues of the
43 4
matrix A = ( 2 1 )

The eigenvalue is determined by solving the character-
istic equation |A—AI| =0

NS
-G

3—1 4

2 1-, =0

ie.

(Given a square matrix, we can get used to going straight
to this characteristic equation)

Hence, B-)1—-2)—@2)(4)=0
ie. 3-34—2+22-8=0
and J2—4)—-5=0
ie. (A—50Q+1)=0

from which, A —5=01ie. A= 5 or A+1=0 ie.
A=-1

(Instead of factorising, the quadratic formula could be
used; even electronic calculators can solve quadratic
equations.)

Hence, the eigenvalues of the matrix ( g : ) are )
and -1

Problem 10. Determine the eigenvectors of the

. (3 4
matnxA_(2 1)

From Problem 9, the eigenvalues of (g 111 ) are
Ar=5and Ay =-1

Using the equation (A-Al)x=0for 11 =5
3—-5 4 x1y_ (0
wen (%71 55) () = ()
ie.
-2 4 x) (0
2 —4 x ] \0

from which,
—2x1+4x2=0

and

2x1 —4x2=0

From either of these two equations, x; = 2x2

Hence, whatever value x; is, the value of x; will be
two times greater. Hence the simplest eigenvector is:

n=(7)

Using the equation (A - Al)x=0 for 1, = —1

o (40 (2)=(8)

ie.
4 4 x1\)_ (0
2 2 x )] \0
from which,
4x1+4x =0
and
2x14+2x =0
From either of these two equations, x; =—xz or
X) = —X]

Hence, whatever value xj is, the value of x2 will be
-1 times greater. Hence the simplest eigenvector is:

w=()

Summarising, x; = ) is an eigenvector corre-

1
. 1). .
sponding to A} = 5 and x; = _y ) s an eigenvector

corresponding to Az = —1
Problem 11. Determine the eigenvalues of the

e A 5 =2
matrix A = ( 9 2 )

The eigenvalue is determined by solving the character-
istic equation [A— 11| =0

fe. ‘ L ‘:o

Hence, G-1H2-1)—-(-9(-2)=0
ie. 10-52—21+22-18=0
and 2 —7.-8=0
ie. (2—8)(A+1)=0
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from which, 1 —8=0 ie. A=8 or A+1=0 ie.
A = —1 (or use the quadratic formula).

Hence, the eigenvalues of the matrix ( _g _g )

are 8 and —1

Problem 12. Determine the eigenvectors of the

. _ 5 =2
matrle_(_9 9 )

From Problem 11, the eigenvalues of ( _55) _g ) are
A1=8and A, =—1
Using the equation (A — A I)x=0for A; =8

then (5__98 2—_28)(2)2(8)

i.e.
-3 =2 x1\_ (0
-9 -6 x ) \0
from which,
—3x1—2x2=0
and
—9x1 —6x2=0
From either of these two equations, 3x; = —2x or
2
X1 = —§X2
Hence, if x2 = 3, x1 = —2. Hence the simplest eigen-

wa=(3)
vector is: x1 = 3

Using the equation (A-AI)x=0for A, =-1

then (5__9_1 2—_2—1)(2)2(8)

ie.
6 -2 xx)y_ (0
-9 3 x )] L0
from which,
6x1—2x =0
and
—9x1+3x2=0

From either of these two equations, x2 = 3x;

Hence, if x1 = 1, x2 = 3. Hence the simplest eigenvector

se=(3)
isixz=\ 4

- -2\ . .
Summarising, x; = ( 3 | is an eigenvector corre-

sponding to 1= 8 and x = ( ?1) ) is an eigenvector

corresponding to Ay = -1

Problem 13. Determine the eigenvalues of the
1 2 1
matrix A = 6 -1 0
-1 -2 -1

The eigenvalue is determined by solving the character-
istic equation |[A—21] =0

1-4 2 1
ie. 6 —-1-21 0 =0
-1 -2 —-1-1

Hence, using the top row:
1 =DI=1 =D (=1=4) = (=2)(O0)]

—2[6(=1-24) = (=D(0)]
+1HE(=2) - (=D(=1-H=0

ie. A=D1+ 141+ 1%] —2[—6 —64]
+1[-12—1-1]1=0

ie. A=D[A2 424+ 1]1+12+122
—13-1=0

and 2422412322 —)+12+122

—13-1=0

ie. 23 —224+12,=0

or B2 -12)=0

ie. IO+ -12)=0

ie. A(4 —3)(4 +4) = 0 by factorising

from which, A =0,/ =30orl=—4
Hence, the eigenvalues of the matrix

1 2 1
6 -1 0 | are0,3and —4

-1 -2 -1
Problem 14. Determine the eigenvectors of the
1 2 1
matrix A = 6 -1 0
-1 -2 -1

From  Problem 13, the eigenvalues of

1 2 1
6 —1 0 Jareld;=0,12=3andA3=—-4

-1 -2 -1
Using the equation (A- A)x=0for 1; =0
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1-0 2 1 X1 0
then( 6 -—-1-0 0 )<X2>:<0)
-1 -2 —=1-0 X3 0
ie.
1 2 1 X1
6 -1 0 X
-1 -2 -1 X3

from which,

I
0
o O O
v

x+2x+x3=0
6x1—x2=0
—x1—2x—x3=0
From the second equation,
6x1 = x2
Substituting in the first equation,

x1+12x1+x3=0 ie. —13x1=x3

Hence, when x; = 1, xp =6 and x3 = —13
Hence the simplest eigenvector correspondingto 11 =0
1
is: x1 = 6
-13

Using the equation (A - AI)x=0 for 2,=3

1-3 2 1 X1 0
then 6 —-1-3 0 x |=|0
-1 -2 -1-3 X3 0

1.e.

from which,
—2x1+2x2+x3=0
6x1 —4x2=0
—x1—2x—4x3=0
From the second equation,
3x1=2xy
Substituting in the first equation,
—2x1+3x1+x3=0 ie x3=—x1
Hence, if xp = 3, then x1 =2 and x3 = -2

Hence the simplest eigenvector corresponding to A2=3

2
is: xp = 3
-2

Using the equation (A - AI)x=0for 1, =-4

1——-14 2 1 X
then 6 —1-—4 0 X7
-1 -2 —-1-—-4 X3
i.e.
5 2 1 X1
6 3 0 x | =
-1 -2 3 X3

from which,

o O O

5x1+2x2+x3=0
6x1+3x2=0
—x1 —2x2+3x3=0
From the second equation,
X2 = —2x1
Substituting in the first equation,
5x1 —4x1+x3=0 ie x3=—x
Hence, if x; = —1,then x =2 and x3 =1

Hence the simplest eigenvector corresponding to 12 =

-1
—4 is: x3 = 2
1

Problem 15. Determine the eigenvalues of the
1 —4 -2

matrix A= 0 3 1
1 2 4

The eigenvalue is determined by solving the character-
istic equation |[A—A 1| =0
1-4 -4 =2
ie. 0 3-42 1 |[=0
1 2 4-2

Hence, using the top row:

(1-HIE-H)(E-H)-2)(D]-(=DH[0-(1)(1)]
—2[0-13-2)] =0

ie. A =)[12 =31 — 424 1% = 2] +4[-1]
—2[-34+4]=0
ie. A—=D[A2=T724+10]—4+6—-221=0

and 12 —TA4+10—A3+722—-101—4+6—-21=0
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ie. —34842-19.+12=0
or 23 -8124191-12=0

To solve a cubic equation, the factor theorem (see
Chapter 1) may be used. (Alternatively, electronic
calculators can solve such cubic equations.)

Let f(A)=23—842+191—12

If 4 =1, then £(1)=13—8(1)2+19(1)—12=0
Since £(1) =0 then (A — 1) is a factor.

If 4 = 2, then £(2) =23 —8(2)2+19(2) — 1240
If 2 = 3, then £(3) =33 —8(3)2+19(3) — 12 =0
Since £(3) =0 then (A — 3) is a factor.

If 1 = 4, then £(4) =43 — 8(4)% +19(4) — 12 =0
Since £(4) =0 then (A — 4) is a factor.

Thus, since 23 — 812 +191 — 12 =0

then (1 — 1)(A — 3)(A — 4) = 0

fromwhich, A=1orA=3o0ri=14

Hence, the eigenvalues of the matrix

1 -4 -2
0 3 1 arel, 3 and 4
1 2 4

Problem 16. Determine the eigenvectors of the

1 —4 -2
matrix A= 0 3 1

1 2 4

1 -4 -2
From Problem 15, the eigenvalues of ( 0 3 1 )
1

arel1=1,22=3and 13 =14
Using the equation (A-AD)x=0for 1; =1

1-1 -4 =2 X1 0
then 0 3—-1 1 x |=10
1 2 4-1 X3 0

ie.
0 -4 -2 X1 0
0 2 1 x |=(0
1 2 3 X3 0
from which,
—4xy)—2x3=0
2x2+x3=0

x1+2x2+3x3=0

From the first two equations,

x3=—-2xy (e ifxx=1,x3=-2)

From the last equation,
x1=—-2x2—3x3 ie. x1=—-2x2—3(—2x2)
ie.
x1=4x; (e ifxx=1,x =4)

Hence the simplest eigenvector corresponding to A= 1
4
is: x1= 1
-2
Using the equation (A — A)x =0 for A, =3

1-3 -4 =2 X1 0
then 0 3-3 1 x |=10
0

1 2 4-3 X3

-2 —4 =2 X1 0
0 0 1 x |=10
1 2 1 X3 0

ie.

from which
—2x1 —4x) —2x3=0
x3=0
x1+2x+x3=0
Since x3 =0,x1 = —2x2 (ie. ifxp=1,x = —2)

Hence the simplest eigenvector corresponding to A, = 3

-2
is: xp = 1
0

Using the equation (A — 27)x =0 for A3 =4

1-4 —4 -2 X1 0
then 0 3—4 1 x J={ 0
1 2 4-14 X3 0
1.e.
-3 -4 -2 el 0
0 -1 1 x J=1 0
1 2 0 X3 0

from which,
—3x1 —4x)—2x3=0
—x2+x3=0
x1+2x=0
from which, x3 =x2 and x; = —2x, (ie. if xx =1,

x1=—2andx3=1)
Hence the simplest eigenvector corresponding to A3= 4

-2
is: x3 = 1
1
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Now try the following Practice Exercise

-1 -1 1 1 -1 0
Practice Exercise 114 Eigenvalues and 4. 4 2 4 5. -1 2 -1

eigenvectors (Answers on page 847) -1 1 5 0 -1 1

2 =2 1 1
3 1 7. 0 2
2 2 -1 1

For each of the following matrices, determine their
(a) eigenvalues (b) eigenvectors 2
1
1

L (5 3)2(18) 2 (%0)

2
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For fully worked solutions to each of the problems in Practice Exercises 110 to 114 in this chapter, WAL,
go to the website:
www.routledge.com/cw/bird Yegeni




